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rate can be determined from the total mass flux issuing from the pro-

pellant surface. It is the sum of the mass fluxes of gaseous species

produced by each of the surface decomposition processes multiplied by

the fraction of the total propellant surface area associated with each

of the processes. Thus

r = ~~~~ [I~~f
(S

f
/S

0
) ~ I10~

(S 0~
/ S0) + t~~~(S /S fl 18

where is the density of the propellant, mi is the mass flux and S is

surface area . T he subscripts f , ox , o and sr designate fuel , oxidizer ,

total propellant and surface reaction respectively. Assuming a planar

surface , the ratio of fuel and oxidi :er surface area to the total pro-

pellant surface area can be expressed as a function of the vo lume

fraction of oxidizer in the propellant. Thus

19

and

~~~~~~~~~~~~~~ 20

F The area on which the surface reaction occurs is calculated by

postulating that an oxidizer crystal decreases in si:e during decom-

position as shown in Figure 6a. This size reduction produces a fissure

H of depth c between the oxidizer crystal and the fuel binder which is the

region where the heterogeneous reaction takes place. Arrhenius type

func tions are used to describe the ~ur face regression of both fuel and

ox idizer.

L - ~~~~~~~~~~~~
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The model divides the steady state combustion process of composite

propellants into three regions as shown in Figure 6b. The differential

form of the energy equation is solved for each region simu l taneously.

The required boundary cond i t ions  resu l t by ma tch in g temperature and

heat flux at the interface of each section . The analysis results In

three equations with three unknowns. They are the burning rate equation ,

the surface temperature equation and the lame temperature equation.

These equations in condensed form ar-2

r = a 1 e~xp (- .E f / EO ) + —
~-p~ i:~

A - —•~:i exp C~~~ EO 
sr 

~ 
21

= b2 + 
~~~~~~~ 

f~~~~~
- — ~~ 

OX sr

S
a -.E 

*
- —i exp (~~~~~~~~~) 

+ a3 exp (-F~ ) 22

+ a3[l 
- ( C * )] 23

where a 1, a2, a3, b1, b2, b3, d1 are cons tants con ta in in g the physical

and chemical properties of the propel lants. The burning rate, surface

temperature and flame temperature are calculated by numerical iteration

using the above thre equations.

Discussion of the HR Model. Hermance solved the above three simu l-

taneous equations with a set of input data which represented the

r combustion properties of a polysul fide - AP composite propellant. He

obtained a ~air1y reasonable fit of the theoretical model to experimental

- 40
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burning rate data taken over the pressure range from I to 400 atmos-

pheres. The model qualitatively predicts the effect of oxidizer

particle size on the propellant burn i ng rate at pressures above 200

atmospheres but the model over predicts the effect of initial propellant

temperature on burning rate.

At low pressure the model predicts very little heterogeneous reac-

t ion whi le at h ig h pressure the crev ice becomes huge an d the

heterogeneous reaction dominates , as depicted In FIgure 7. Moreover,

the calcula ted surface temperature is almost constant with increasing

pressure indicating that the temperature dependent Arrhenius type

function will be essentially constant. Thu s, the burn i ng rate char-

acteristics predicted by the HR model are determined almost completely

by the crevice and its formation . Yet there is no physical evidence

to support the formation of a crevice as postulated by Hermance (14).

The Beckstead Derr Price Multi ple Flame Model

After extensive experimental observation of the surface structure

of a burning composite solid propella ,~c , Becks tea d , Derr and Price for-

mulated a multiple flame composite propellant combustion model based on

the postulated existence of three flames In the region of each exposed

oxid izer particle.

Description of the Multi ple flame_Model . The model is based on

the assumption tha t the gas-phase heat release can be represented by

mul tiple flames surrounding individual oxidizer crystals. The geometric

relationship between the oxidizer crystal and the binder matrix is

• evaluated statistically as in the Hermance HR mode l (11) . The geometric

relationship of the multiple flame is shown In Figure 8. The distance

41
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In the deve lopment of the basic equations, it was assumed tha t the

bur ning rate wa s dependent upon the amount of heat the propellant re-

ceives. The mai n source of heat was assumed to be from the prima ry

burn ing zone in the first few microns adjacent to the burning surface.

Furthermore , the heat transfer from the primary combustion zone was

assumed to be i ndependent of the core gas veloc i ty. The pressure de-

pendence of burning rate was assumed to be controlled by the pressure

dependence of the locat ion of the prima ry combustion zone above the

burning surface. As pressure increases, the flame becomes nearer to the

surface , heat flow to the burning surface from the flame increases and

thus the burning rate increases. t~ second source of hea t was assumed

to be from the core of the hot combustion gases. This second source

— of heat was assumed to act through a convective mechanism and was there-

fore dependent upon the cross flow gas flow rate . The total burning

rate was assumed to be the sum of the two effects, a rate dependent upon

pressure and an erosive rate dependent upon combust ion gas cross flow

rate. Thus,

r = r p + r e 57

The pressure dependent part of the burning rate was assumed to

correlate to the well known l inear burning rate law

r~~~cP
1’ 58

where c and n are constants for a particu lar propellant and are i nde-

pendent of combustion pressure.
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The combustion gas cross flow velocity dependent portion of the

- ~
- . burning rate was derived by assuming the erosive burning rate to be

proportional to the heat transfer coefficient. Thus

• re kh 58A

• where h is the heat transfer coefficient and k is the proportionality

constant. The relationship between the heat transfer coefficient, h,

under conditions of transpiration , to the hea t transfer  coeff ic i en t i n

the absence of transpiration was expressed in exponential form as

h = h0exp (-~Q/G) 588

where ~ is a dimensionless constant, Q is the mass velocity of the

transpiring gas and G is the mass velocity of the core gas. The heat

transfer coefficient under conditions of zero transpiration was assumed

to correlate by the Chilton Colburn equation of flow over a flat plate .

h0 
= [0.0288 c~u

°2 P~°
667) 58C

where C~ is the specific heat of the combustion gases , c is the visco-

sity of the combustion gases , L i s the len gth from the hea d of the 
- - 

—

grain , and is the Prandtl number of the combustion gases. The ex-

pression in the brackets of equation 58C was assumed to be insensitive

to changes in propellant identity so that the expression in the brackets

could be combined wi th the proportionality constant of equation 58A to

form a consta nt ,
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= [0.O288C~IJ°~
2P °’667]k 58D

Combining equations 57, 58 , 58A, 58B, and 580, resul ted in the

follow ing expression for burning rate:

r = 
~~

p’
~ + c~G0’8 /L°’2 cxp (-~Q/G) 58E

The Leno i r Ro bi l l a r d theory has been compa red wi th  experimental

da ta and sa ti sfac tory a greement i nd ica ted. However , the agreement was

obtained by watching ‘Nuation 58E to the experimental data in order to

determine the constants - .~~ and ~. Thus, the Lenoir Robi llard theory is

empirical in nature. Furthermore , the model predicts a dependence of

burning  rate on the ma i n st ream gas temperature . Later ex perimental

-~~~~~ work by Marklund and Lake (33) indicated no such dependence. The

Lenoir Robill ard model has , however , served the test of time and is

probably the most w id ely used model in the solid propellant propulsion

community .

The Flame Disp lacement Mode l

The erosive burnin g model of King (46) postulates the mechanism for

erosive burning to be an enhanced icat transfer to the burning surface.

The enhanced heat transfer results from the displacement of the diffusion

flames by the cross flow of combustion gases.

The burning rate is hypothesized to be dependent upon the heat

feedback fron two flame zones. They are the AP monopropellant flame

and a diffusion flame between th~ binder pyrolysis products and the

products of the AP monopropellant flame . Thus, the burn i ng rate is

- 
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t dependent upon three distance parameters associated with the two flames.

The three distance parameters considered are the distance from the pro-

pellant surface to the average location of the kinetical ly controlled

AP monopropellant heat release , the distance associated with mixing

of the oxidizer and fuel for the diffusion flame , and the distance

associated with the fuel oxidizer reaction time subsequent to mixin g .

Those distances are then assumed to be modified in the presence of a

cross flow velocity by the fol l owing equation :

L = L 0
~~

Ln8 59

where L0 is the flame standoff distance in the absence of a cross flow

and e represents the angle of the average flow vector in the mixing

region.

This analysis was combined with an analysis of the boundary layer

flow (which gives the cross flow velocity as a function of distance j
from the propel lant surface, mainstream velocity , and propellant burnin g

rate) to permi t the calculation of the ang le of the average flow

vector in the mixin g region. The resulting equation for burning rate in

the absence of cross flow is 
- 

.

A ,l/2
r AP Il + ~ 

2~ 
60

~ L 1+A 5~~P J

where P is the pressure and 5 is the average oxidizer particle size in

the propellant. A regression analysis using no-cross flow burning rate

data must be performed to obtain best f it values of the constants A3,

A4 and A5. The product of A 5 w i t h  ‘52 appearing in burn ing rate expres-

sion may be lumped Into one parameter during the regression analysis

- - 
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such that an average oxidizer particle size need not be defined.

The data of Mickley and Davis (47) were used to develop empirica l

expressions for the local cross flow velocity as a function of distance

from the prope l l an t bu rn i n g sur face , mains tream cross f low veloc i ty ,

and transpiration rate . The resulting analysis yielded eight equations

and ei ght unknowns for the burning rate of a g iven composite propellant

at a given pressure and cross fl ow velocity . A computer code was used

to solve this system of equation s yielding a predicted burning rate for

a given pressure , cross fl ow veloci ty and s- at of const a nt A 3, A 4 and

A 5~
2. The model ernplojs no emp irical constants other than those from

the analysis of the no-cross f low burning rate data .

Discuss ion of the Flame Di~ p~ acement Model. King has hypothesized

th .’t the flame displacement is due to the cross f low induced distort ion

of the flow field in the region of the gas phase react ion zone. In-

herent in the model is the assumpt ion that transport properties are not

affected by the cross flow . T hus , the characteristic kinetic reaction

times for the gas phase reactions taking place above the burning sur-

face are the same for both the case of zero cross flow and the case where

a strong cross flow is present. How ever , since the flame is assumed to

be conical in shape , thc effective distance for diffusiona l mixing is —

decreased in the presence of a c ross f low velocity . The reduction in

the diffusional mixing length is due to bending of the fl-nii e such that

i ts central axis is pointed in a direction paral lel to t h~ averag e ve loc i ty

vector for the flow of gases near the burning sur ñce. Thus , the flame IS

“squeezed ’ such that the rad ial distance from the cer~ ral axic ~~f the -eie

to the outsiue surface of the cone is redut ed . ~~~- - - e c j - r t l v . ht’ m’~~
,q

length is reduced~ Thus , the cross 1 1 w  ‘.cleUty l~~1ut ~d ~~ • - - im t ‘

7-,
‘ C
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the burning rate is realized by a decrease in the diffusion flame stand-

off distance. This effect is exactly the same as the effect due to the

en hancement of the di f fus ion  coe ffic i en t i n the gas p hase react ion zone

by the presence of a turbulent boundary layer. However , in this case

the effect of the turbulence on the thermal conductivit y in the gas

phase reaction zone was assumed neg l ig ible.

Lengellé’s Eros ive Burn i n g Model

The model is based on the combination of Sumnierfield ’ s (16) gran-

ular diffusion flame combustion model with a model for the turbulent

boun dary layer on a flat plate wi th injection. The basic assumption

adopted was that of a turbulent boundary l ayer developing above the

pro pel lant  surface . The transport coefficients of diffu sion and heat

conduction are then modified in such a way that the heat flux to the

surface , and consequently its burning rate , can be enhanced .

The turbulent  boun dary la yer model used i n the anal ysis assumes

incompressible flow over a flat plate with injection. The continuity

an d the momentum conserva tion equat i ons were s imp l i f ied by lett i n g

an d u 
~~4~

- be negligible where u is the gas velocity pa rallel to the

burning surface. The resulting approximate relationship for the velocity

p r o f i l e  is

£.n (l + B ~) = f l n bl (1 + B )  61

where B is the blowing parameter , 4~ 
is the ratio of downstream velocity

at position y in the boundary l ayer to free stream velocit y , r
~ is the

ratio of y distance to the boundary layer thickness and n is the well

known empirical velocity profile exponent for the case of no injection .
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The imp licit relationship for the veloc ity profile given by equation

61 was awkward for obtaining analytical relations for the turbulent

boundary layer parameters. Therefore, the implicit relationship was

approxima ted by the following explicit expression

• .
~~~~~ 

. n(l + B )~~ (1 + 8) 62

The mix ing length hypothesis of Prandtl was combi ned with the

velocity profile given by equation 62 resulting in the following ex-

pression for c, the coefficient of turbulent diffus ivity of momentum :

- = .1 6Re6 c*n~~
1 63

The average value of the coe99clent for turbulent diffusivity of

momentum in the flame zone is given by

~~~ave = 
f

L 
p ~ dy .l6Re6 ~2+~) 

(1) 
+1 

64 -

•

where L is the flame zone thickness and Re6 is evaluated from an approx-

ima te expression which relates the ratio of the boundary layer thickness

in the case of blowing ~nd the boundary layer thickness 
in the case of

no blowing, to the reduction of the wall shear stress. Thus

f 2(l+c~) ía - Lo (1÷~)1 65
Cf n 6 (l+n) L s~ -J

where

~~~ 
= c’~ (1~~ ) [B - 1o~ (l+B)] 

~~ (1 + ae~~~ i 
66 /

74



__ a~ s~s-.-
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Lengellé also assumed that the turbulent Lewis and Schmidt numbers
— 

- are close to unity . Then , the thermal conductivity and mass diffusion

coefficient of the combus t ion gases can be related to the viscosity .

Thus
— A~~ CgPD 67 

—

and 
~D )J(1 + pE:/M) 68

where A is the thermal conductivity , D i s the mass d i f fus ion coef ficient

and ~i is the viscosity . Utilizing equations 67 and 68, the transport

parameters in the GDF model were expressed in terms of the coefficient —

for turbulent diffusivity which in turn could be evaluated using

equation 63. The resulting expression for burning rate is

r = 
Cg(Tf.Ts) r~ + ~~~~~~~~~ (

~~
)
fl~~~ 69

P~~ Re~~
1 6 J

where

= ~~~ +B 
[i 

+ B(~-)
’
~
] 

/(2+cz) 70

is the core gas density , u5 is the core gas veloci ty and the velo-

city profile exponent has been approximated by

n .52Re;°1 71

The predicted results of the model compared favorably to the

experimenta l results of Mark i und and Lake. The appear ance of a t hreshold - •

velocity , below which the norma l burning rate is not effected , was
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determined to be due to the blocking effect of the transp ir ing gases.

The wel l known observation that high burning rate prope llants give rise

to high threshold velocities and low burning rate propell ants give rise

to low threshol d veloc i t ies , was also explained on the basis of the

bl owin g parameter .

It shouldbe noted that , although the philosophy behind the ero-

sive burning mechanism of Lengellê’s model is sound , the model is little

more than a curve fitting device due to the empiricism of the GOF model .

It should also be noted that the model is in serious error due to the

assume d i ndepen dence between bu rn i ng rate an d the b low i ng coeff ic ient.

In order for the model to be correct, the value  of the bu rn i ng rate

must be determined by an i teration process accounting for the change in

the blowing parameter wi th changes in the burning rate. Thus, the con-

clusion by Lengeilé that the erosive burn ing effect is additive (i.e.,

the overall burning rate is the sum of a noneros i ve ra te an d a co n t r i —
bution due to erosive burning) is incorrect.

Nonsteady State Combustion

In evalua ting a propellant ’s combustion stabil ity characteristics,

there are two parameters of importance : pressure coupled response and

veloc i ty coupled response. The pressure coupled response represents the

coupling mechanism between the gaseous pressure oscillations and the

combustion processes , wh i le the veloci t y cou pled res ponse represen ts the

coupling mechanism between the cross flow veloc i ty transients and the

combustion processes. The interaction occurs principally in a relatively

thin region near the burning surface.
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Fol lowin g tra di t i onal acoust ics prac tice it has usually been

assumed for the pressure couplin g that the fluctuation of velocity , v ’ ,

normal to the surface is proportional to the fluctuation of pressure p ’

at the b ’rning surface. The coefficien t of proportionalit y , in nor-

malized form, is the admittance function , Ab, for the burning surface.

Thus

A - ~ [(rn’ /mj (p ’/ p) 72
b 

- 

~~~ 
- ‘/‘rw)

where M is the average Mach number of the flow leaving the surface, ~

is the gas dens i ty, p i s pressure , -y is the ra tio of specific heats and

m is mass flux. The primes denote fluctuating values and the super-

script bars denote average values.

The admittance function is , in general , a complex quantity depend ing

on the properties of the materials involved and the frequency of the

osci llations. The real part of t h~ admittance function gives that por-

tion of the norma l velocity fluctuation which is in phase with the

pressure . Thus t he at tenua ti on or g rowth constant for s t ea dy  w a v e s  has 
—

a part proportional to the real part of the admittan ce function such tha t

the waves are driven if the real part of the admittance function is

positive. A larger value of the real part of the admittance function

implies a greater tendency for combustion to drive the waves .

A similar interpretation of the admittance function arises in con-

nection wi th the veloc ity fluctuation u ’ parallel to the burning surface.

Due to its possible erosive influence on the burn ing rate the veloc ity

fluctuation parallel to the surface causes a fluctuat ion of velocity

norma l to the burning surface. -;
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If one assumes that the oscillations are isentrop ic the second

term in equation 72 is unity and the admittance function becomes de-

pendent only on the value of the first term. The first term , divided

by the product (M y), i s usua l l y referre d to as the response funct ion

of the propellant and is given the symbol R. The real part of the re-

sponse function has the same characteristics as the rea l part of the

admittance function. Thus , waves are driven if the real part of the

response function is greater than 1/ ‘y and a larger value of the res-

sponse function implies a grea ter tendency for the combustion process

to drive the waves.

4 The pres sure cou pled response is

I ~~~~~
- .  ~m ,ni j 73— 

~~~~~4 / ~~~
)

and the ve ’oci ty  cou~ led ~c -~~~rse is

Nonsteady State Models

It is the objective of the nonsteady state combustion models to

predict the effect of propellant composition on the propellant response

function. In the past, models attempting to describe the nonst~ady com—

bustion of propellants (48) have , i n general , addressed only homogeneous

propellants. Al though the homogeneous models have been applied to

heterogeneous prcpellants wi th a limi ted degree of success, there is a

formidable deficiency in the models. That is , the models are entirely

— 

78 

— ______ - - - -- - -



r - - - —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - - -

~~~~

unable to predict the effect of oxidizer particle size and particle

size distribution on the pressure coupled response.

Several of the more pertinent models which have appeared in the

literature are: the Denison and Baum (DB) model (49), the Cohen (C)

model (51), the Zel’dovlch Novozhilov (ZN) model (50) and the veloc i ty

coupling model of Lengellé (43). A discuss ion of these models follows .

The Denison and Baum Model

The 08 model was an early attempt to model th e pressure coupled

response of propellants. The model is based upon the so’ution of the

nonsteady energy equation for the solid phase.

The model assumes a quasi-steady gas phase with harmonic pressure

osc i l l ati ons an d d p lanar  flame front.

The energy equation for the solid nhase Is, for the case of no hea t

generation ,

X~(~
2T/Ix 2) - ucC~(~T/~x )  - ~C~(~T/~t )  0 75 I 

-
-

The crucial boundary condition is the ma tching of the heat flux at

the so’~ id/gas phase interface.

ihe resultlr~j expression for the pressure coupled response is

n pr R~1 -k ~ (A / k )  ~~~1~A)~~~A~

wPw r, Rpr and are respectiv~ly the rea l and imaginary parts of the

~ ..ss . ’ -  ~oup1ed response normalized with respect to the burning rate

- ‘ ..~~ponent . The parameter , \ , is a complex functIon of the
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nondimensiorial frequency , ~:. The rea l par t of A i s

A ~ [1 ( l J I ~) ( l  + l6~2 )
l/

~ + l]
l
~~

w hi ~e the imiq inary part of A Is

- ~~ 1/2
= I ~~ • + lt~ ’ ) — 1] 78

where the nondimensio nal frequency can be written

= A p Pp ~‘/ ~ ~
2C p 79

The const ants A and B are related to propel lant propt rti ~~~~~~ the

parameter A ic “oli:t ~d to the -~urf~ce pyrolys is

A = 1 ( 1  -- i / r 5)/R~ 80

where E5 is ~hc act  va t ion  energy assoc ia t ~ J w i t h  t ht s urf ace pyrolysis I 
-

T~ is the m i  t i t i  pro~cl hint ‘n pocat u~t . 
~~~

. is tf n.~ iv raq~’ surface
tetuperature and R is the gas constant.

The par am eter B is d~’~.~ ndent on the t t inp~ raturc sons i i ~ i t~- of the

propellant. Thus 
! 

-

B ¼ T / 15)/j(l 
- 1/ 1 ) 8J -

where j is the i n i t  m a 1 tempera ture I ndt’ ~ in t h~ hum i nq rate law

r = Cp~T~, 62
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The model must be class ified empirical , at most , since the A and

B parameters are adjusted for the fitting of experimental data . Fur-

thermore , the model has not met with a grea t deal of success at fitting

the experimental data of composite propellants. This is probably due

to the ht.~nogeneous nature of the model .

The Cohen Model

• The most complete attempt at accounting for the oxidizer partic le

size effects on the pressure coupled response was developed by Cohen

et al. (1). Cohen postulated that the combustion response will peak

at a frequency given by some characteristic transit time for an oxidizer

particle in the condensed phase. Thus ]
• ~~~~~ 83

p D

where f~ i s the fre quency a t whi ch the response fun c t i on for a parti-

cular mode peaks, r is the propellant burning rate and () is the average

particle diameter for the mode.

Furt hermo e , Cohen postulated that the magnitude of the peak re-

sponse Is proportional to the concentration of oxidizer in the propellant.

Thus

84
n D

where R~~/n is the normalized peak value of the pressure coupled re-

sponse and cx is the mass fraction of oxidizer in the particu lar mode.

Cohen assumed that the response function Is only a function of

propellant type and may be obtained from data for a representative
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propellant type. Propellant data for A-13 were used to construct a

calibration response function which could then be used to obtain the

response function for each weight mean diameter particle size distri-

bution mode in a propellant of interest. The response function of each

mode in the propellant was then superimposed to obtain the total pro-

pellant response function . This method has potential but is still

deficient in that It treats a multimodal polydisperse propellant only

as being a multimodal monodisperse propellant .

The Zel ’dovlch Novozhilov Model

The ZN approach to nonsteady modeling employs the same assumptions

— as those of the OB model . However , the ZN technique allows the ~;eudo--

propellant response functions to be related to steady state propel )ant

combustion parameters in a more realistic manner.

In the der- -’ vation of the ZN pressure coupled response th’: propel- .

lant mass flux , mi , can be written as a function of burning surface

temperature , T5, combustion pressure
, p, temperature grad ient a t the - 1

burning surface in the condensed phase , f, temperature gradient at the

condensed/gas phase interface i n the gas phase , f’ , and the surface heat

release , Q5. Thus

= ~ (T stp~f
ifS
~Qs) 

85

Similarly for the surface heat release.

Q = Q ( T
5
,p,f,f’) 86
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Conservation of energy at the condensed/gas phase interface yields

Kf = ,c ’f ’  + rn 87

where ~ and K ’ are the therma l conductivity of the sol id and gas repec-

tively.

The mass flux in the gas phase , m ’, can be characterized by the

surface temperature, the temperature gradien t i n the gas phase , the

hea t release in the gas phase , Q~, and the combustion pressure.

The heat release in the gas phase can be cha ’acterized by the surface

temperature , the temperature gradient in the jas phase and the combustion

pressure. Thus the mass flux and heat release can be written

= ii’(T ,f ,Q’ ,p) 88
S

= Q ’ (T 51f’ ,p) 89

Si”~e the gas phase is assumed quasi-steady , mass continuity yields

I;1’ = f;1~ 90

Thus , there are six equations for seven unknowns: ~~ , f’ , I~~ Q~
Q’ , m and m’ (the pressure is assumed to be a kn~ vn function of t ime).

Therefore , it is possible to express any va l ue as a function of pressure

and the temperature gradient in the condensed phase at the burning

surface. Specifically ,

~~~~~~~~ 
91

= T5(f ,p) 92
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— Thus,

~ - ~m) df ~ (~~~ i 4~P. 93
dt ~ r~~dt ap f dt

and

= (_
~

) 
~~ 

+ (1)  ~2. 94dt ~f ~ dt ap f dt

Nondimensiona lizing, and taking a first order approximat ion for the per-

turbations yields

V
1 

= 
~~~~~ ‘

~l 
+ 

IV

~l 
(~~~~~~ )~~~ 

~l 
+ 96

where v1, 
~l’ ~ 

and ~i are the nondimensiona l perturbation amplitudes

in burning rate, temperature gradient, combustion pressure, and surface

temperature respectively.

Equations (95) and (96) provide the means for obtaining the desired

func tional relation between the burning rate perturbation amplitude and

the pressure perturbation amplitude .

With the aid of Jacoblans and an energy balance in the condensed

phase at the burning surface, the partial derivatives appearing on the

right hand side of equations (95) and (96) can be expressed in terms of

the following steady state parameters:

PS

84



—.5----. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- 

u = (T O 
- T )( a~nr ) 970 o P

- 

3T~
l 

98

,~ 
~t~ir~ 99

T
0

~T
O

= - 

(T~~- T0) 
(s )  

~~, 

100

where the superscript o indicates steady state, T
~ 

i s the sur face temper-

ature and is the initial propellant temperature.

The remaining needed relation between the nondimensional burning - 

-

ra te , the nondimensional surface temperature, the nondimensional temper-

ature gradient , and the nondimensional pressure perturbation amp litudes

can be determi ned by solving the linearized energy equation in the solid

phase. The result i s

- ~1Z1 + iv 1/12 = 0 101

where Is a complex function of nondimensional frequency given by ‘

1/2 2 1/2 1/2
= ~ {c~[~

. ( l W 2÷l )  — 1) + I ( l 61~ +1) - l]} 102

The desired relation between the burning rate perturbation amplt-

tude and the pressure perturbation amplitude can now be written. Thus
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n + (nv - p u)Z 1
V

1 
= 1 - u + (v - iu/c~jZ1 

103

Assuming an Isentropic fluctuation in the cembustion pressure , the

response function is defined -

r 0
R =12... 104
~ r~~ 1

where r1 and p 1 are the fluctuation amplitude of burning rate and pres-

sure respectively. Thus

r1 v1r
0 105

p1 
= n 1p° 

106

Therefore, the pressure coupled response for the ZN technique Is

n + (nV - pu)Z 1R~ V -  u + (v - iu/c~)Z 1 
107

Equation 107 can be used to determine a pressure coupled response

function by evaluating the steady state parameters for the propellant.

The problems with this approach are that some of the steady state para -.

meters can not be evaluated experimentally (specifically those involving

the surface temperature) and the assumptions employed in the model break

down for heterogeneous propellants when the characteristic therma l

wave penetration depth is not much larger than the scale of heterogeneity

in the solid phase.

I
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Lengellê’s Model

Lengellé formulated a nonsteady combustion model for velocity

coupling based on the linear perturbation of an erosive burning model

based upon the GDF combustion model . The erosive burning model was

discussed in a prior section of this review and will not be discussed

here.

The gas phase reaction zone was assumed to respond quasi-steadily

to external oscillations so that only the condensed phase introduced

inertia into the process .

The energy equation for the condensed phase with harni ..iic pertur-

bations was solved for the heat flux penetrating into the solid phase.

Thus

q 5 
= C~~ [~~~~~~~ 

- T0 ) + T~ + 
~~

‘
(
~~S 

- 10)fs} 
108

where is the average surface temperature, T0 is the initial propel—

lan t temperature, T~ is the amplitude of perturbation of the surface

temperature and C~ is the propellant specific heat. The parameter s is

s = [1 + (1 + 4i~)~~2]/2 
- 

109

where £~ is the nondimensional frequency and i designates an- imaginary

number.

From the GDF model , with transport properties modified to account

F . 
for turbulence , the following may be written :
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C (T f - + pc)/L 110
~~ 

g

L mM2”3/p2”3 (~ + pc) 111

PC pu~ ~~~~~~~
- I (i-. ) 112

where the terms were defi ned in the previous section on erosive burn i ng.

Equations 110 , 111 and 112 were then perturbed . The Arrhenius law

was also perturbed to relate transient mass flux to transient surface

temperature. Thus

~~~
‘

_
~~~~~~~~~~ i~i 113

I~r R T 5

Combining the perturbed versions of equation 110 , 111 and 112 with -
‘

equations 108, 110 , 111 and 112 results in the following relation be-

tween pressure and veloc i ty coupl ing:

ç 

= - 1 + A~~/s-1) + ABC ’) - (1 ‘3+O.9~ )A B/ R 1 114

where

B = {Yf/(~s
..T

o
)][(

~ f/Ts)C(055 
÷ 

~
) + - 0.96 ] 115

C’ = 1 + 6 + C(0.5 + B)1 /E5 116

C fs Tf~~s
) + Cg15/Q 117
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and Q i s the energy requi red to heat the propellant to the surface

temperature and to transform it into gases. The parameter A is defined

the same as for the Denison and Baum model , i.e. , it is related to the

surface pyrolysis.

Thus the linearized response of the burning rate of propellants

to small pressure and velocity oscillations around a mean turbulent

boundary layer flow was obtained. The results of calculation s by

Lenge1l~ showed that the pressure coupled response is rather strongly

amplified when the erosive effect becomes more and more pronounced.

The veloc ity coupled response follows the same trend.

Lengellé’ s nonsteady state combustion model represents the only

attempt to model theoretically the phenomenon of velocity coupling. An

important implication derived from Lengellé’s work is that erosive con-

ditions must ex ist before velocity coupl ing can manifest itself. There

exists some disagreement in the solid propellant propulsion community

regarding whether or not erosive conditions must be present in order for

veloc ity coupling to occur. This argument is based on claimed evidence

of velocity coupling in T-burners operating in the velocity coupled

mode in the absence of erosive conditions. The T-burner results are,

however, subject to interpretation.

Lengellé’s technique offers the most logical and physical ly plaus-

ible mechanism for velocity coupling. The nonsteady model formulated

by Lengellé is , however , based on a burning rate model which is primarily

empirical in nature and thus leads to a nonsteady model which is emp irical

in nature and has little predictive capability .
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THE PETITE ENSEMBLE MODEL

Introduction

Conv entional analyses of nonmetalized composite solid propellant

combustion are restricted to either one flame or one spatial dimension.

Thus , the details of the combustion process that are related to the

physical structure of composite propellants are smeared or lost in the

anal yses and the calculated results are qualitative at best. Statis—

ticat analys s of composite propellants combustion , on the other hand ,

offers the p ssib il ity of quantitative results. The history of this

approach bega n when C. E. Hermance (11) combined statistical concepts

with a detailed quasi-one dimensional physioche mical model in an

analysis of the steady state combustion of composite solid prope llants.

In thi s work , statistical concepts were employnd to relate the char-

acteristic dimension in the physiochemica l model to the oxidizer particle

size.

In 1970 Beckstead , Derr , and Pr ice ( 18) con ti nued the same “statis—

tical plus physiochemical model” approach adopting Hermanc& s statistics

but advancing an improved physiochemical model.

Un fortuna tely, the Hermance and Bec kstea d , Derr and Price approaches

are questionable on two accounts , the physical validity of replacing

the behavior of an ensemble of different flames by that of a single

characteristic flame and the statistica l process employed to select the

characteristic dimension.
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In 1970 Miller , Hartman , and Myers (20) overcame the aforementioned

problems by assuming that the burning surface was an ensemble of quasi-

one-dimensiona l flamelets . Miller , Hartman and Myers approached the

statistical aspect by showing that, for a plana r burning surface, the

population of particles at the burning surface was the same as in the

propellant. Thus, it was assumed that the area associated with each

particle size at the surface was relited to the distribution of par-

-ti d e sizes in the propellant. The Sumerfield GDF model was imbedded

in this statistical frame work resulting in a model capable of cor-

relating the effect of oxidizer particle size distribution. The ana-

lytical results of this model agree well with experimental data. How-

ever , the model is based on an empirical burning rate model . Thus , it

is itself empirical.

The statistical formalism presented in this paper was originally

conceived by Glick (51). The combining of Glick ’s sta ti s ti cal frame

work wi th a physiochemica l model similar to that of the BDP model was

first reported by Glick and Condon (10) in 1974. In that model the

macro flame ctructure above the burning surface of a composite propellant

was treated as a collection of different, non-interac ting , quasi-one-

dimensional flames and the burning surface was treated as a fuel plane
I-

• dotted with concave and/or convex oxidizer surfaces. The model has been

termed the Petite Ensemble Model (PEM). A complete description of the

model follows .

F
The Physical Model

The burn ing surface of a composite propellant can be visualized as 
4

a random arrangement of polydisperse oxidizer particles/fuel surface 
4
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pairs . A planar section along with an elevation depicting the burning

surface of a polydisperse propellant appears in Fi gure 17. The poly-

disperse propellant burning surface is comprised of individual oxidizer

crystals protruding above or recessed below the planar burning surface

depending on the combustion pressure. There exists a distribution of

particle sizes at the burning surface due to the random mixing of the

var ious oxidizer particles during the propellant mixing process.

Each oxid izer particle at the burning surface has associated with

it some portion of the available fuel at the burning surface. The dif-

fusion flame above the surface consumes the decomposed gaseous AP and

fuel binder. As a result , each oxi dizer/fuel surface pair will produce

a un it flame.

If it is assumed that all oxidizer/fuel surface pairs or uni t

flames burn independently of each other , the propellant surface can be

rearranged into imaginary families of monodisperse propellants (pseudo-

propellants) containing one oxidizer type. This  rearrangement into

subareas is depicted in Figure 18.

Since the burn ng rate of the propellant is a necessary parameter

for both the steady and unstea dy models , the burning ra te of a polyd is-

perse propellant is calculated from the sum of the monodisperse subarea

mass fluxes as determined from an appropriate unit flame combustion

model . The unit flame combustion model selected should be capable of

predicting the effects of oxidizer size , oxi dizer mass fraction , oxidizer

volume fraction and psuedopropellant density on the combustion processes

of a unit flame. These desired characteristics are satisfied by a hi grily

modified version of the origina l Beckstead Derr Price (BDP)
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